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Résumé
Les réseaux fibreux désordonnés présentent des propriétés mécaniques intéressantes, en particulier lorsqu’ils
sont soumis à la compression. En effet, les fibres élancées supportent l’extension mais flambent en compression.
Il en résulte une raideur macroscopique en compression plus faible qu’en traction. Dans cette étude, on établit,
dans le cadre d’une loi à direction, une loi de comportement homogénéisée d’un milieu fibreux bi-dimensionnel
isotrope constitué de ressorts possédant deux raideurs différentes, l’une pour la compression et l’autre pour la
traction. Une implémentation dans un calcul éléments finis est mis en place pour étudier le cas d’un domaine
contenant une fissure en traction uniaxiale (ouverture en mode I). On observe l’effet de la non linéarité du milieu
(i.e. la différence de raideur traction/compression) sur la redistribution du chargement autours de la fissure. En
particulier, lorsqu’on diminue progressivement la raideur en compression des fibres, la déformation se localise
sur un motif en forme de croix de Malte. Dans le cas asymptotique d’une raideur très faible en compression, une
région en compression bi-axiale apparait (donc une région quasiment "déchargée" de contraintes) en forme de
losange, centrée sur la fissure.
Abstract
Disordered fiber networks exhibit interesting mechanical properties, in particular when compression occurs.
Indeed, since fibers buckle when subjected to compression at the microscopic scale, the macroscopic stiffness
in compression of the media is lower than in traction. In this study, we derive an homogenized constitutive
direction law from an isotropic bi-dimensional fibrous media made of springs featuring different spring constants
in traction and in compression. A finite element implementation of the previous model is set up to study the tensile
test of a domain comprising a centered pre-existing crack (opening in mode I). We observe how the material
non- linearity (i.e. the different stiffnesses in traction and compression) affects the stress distribution around the
crack. In particular when we decrease the fiber’s compression stiffness, the strain concentrates in a centered
cross pattern. In the limit of a vanishing compression stiffness, a centered diamond-shaped region of bi-axial
compression (unloaded area) emerges.
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1 Introduction
A broad range of materials feature different mechanical properties in tension and compression. Common
examples are engineered material such as fiber reinforced composite, ceramics or concrete (these materials are
also called "bimodulus" in the literature [1]). A damaged material comprising microcracks is also a bimodulus
material. Indeed, the opening of micro-cracks leads to a lower stiffness in tension as compared to compression
where micro-cracks are closed.
However, this aspect is seldom dealt with in the literature. Besides, it is generally ignored in engineering
applications if the non-linearity is weak (i.e. the ratio between the stiffness in tension and compression is close
to one). Indeed, the main difficulties come from the fact that the constitutive law of a bi-modulus materials lacks
differentiability and hence belongs to the class of non-smooth elasticity.
The extension of the basic properties of classical elasticity to piecewise smoothed elasticity started in the
seventies with the works of Ambartsumyan and co-workers[1, 2]. Later on, Curnier placed piecewise smoothed
elasticity in a more general framework [3]. He exposed the necessary conditions for a well defined problem
involving bimodulus material : the potential energy should be, as a whole, continuously differentiable and strictly
convex for stability conditions. More recent studies [4, 5] focused on the variationnal formulation and bounding
theorems for a bimodulus constitutive law considered by Ambartsumyan in 1986.
Fiber-made materials are a simple but relevant exemple of a bimodulus material. In this work, we focus
on an engineered fiber mat composed of short straight fiber glass linked by a chemical binder. A tensile test is
carried out under a Scanning ElectronMicroscopy imaging (SEM), see fig 1. A snapshot was taken under loading
(vertical direction), where one can observe that the fibers whose orientations are approximately orthogonal to the
tensile direction can buckle and bend. This is due to the long aspect ratio of the fibers and their initial curvatures.
In the following, we propose a continuous model based on a simple 2D representation of the fibrous material.
A finite element implementation of the model is set up to study the tensile test of a domain comprising a centered
pre-existing crack (opening in mode I). The strain distributions are exposed and discussed in terms of the amount
of non-linearity in the material.
Figure 1 – Undeformed (left) and deformed (right) sample of fiber mat during a tensile test under SEM Imaging
(the load is in the vertical direction). The two highlighted fibers buckle when the load is applied.
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2 Continuous model strain energy
Let us consider a network of elastic springs in 2D. Each fiber has a random orientation angle χ measured
with respect to the horizontal axis. We denote k the fiber stiffness in tension (same value for all fibers). Under
the linear mechanics assumption (small strain ε), the longitudinal strain of a fiber whose orientation is defined
by the unit tangent t = (cos(χ), sin(χ)) is
e (χ) = t · ε · t (1)
In terms of the mean and deviatoric strain, this reads
e (χ) = εm + d cos (2χ) (2)
where εm = (ε1 + ε2)/2 denotes the mean strain and εd = (ε1 − ε2)/2 the deviatoric part.
Since the strain anisotropy is an important parameter for this material, we express the strains εm, εd in terms
of the strain intensity  and strain anisotropy φ, where εm = ε cos(φ) and εd = ε sin(φ). Thus, the extension
reads
e (χ) = ε (cosφ+ sinφ cos (2χ)) (3)
From this previous relation, for a given orientation angle χ, the sign of the axial strain depends only the strain
anisotropy φ. Then, we note ωt(φ) the orientation domain where fibers are in tension ωt (φ) = {χ, e (χ) > 0},
and ωc(φ) the orientation domain of compressed fibers ωc (φ) = {χ, e (χ) < 0}. The orientation ranges of
stretched/compressed fibers with respect to φ are illustrated in fig 2, left.
From this partitioning, we derive a continuous elastic energy density from integration over all spatial direc-
tions as follows
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k
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where k stands for the fiber stiffness in tension, η ∈ [0, 1] is the ratio of the compressive stiffness to the tensile
stiffness and f(φ) is the 2pi-periodic even function
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(5)
The function f is represented in fig 2, right. For η = 1, the equivalent continuum is Hookean (also called "central
force network") and an explicit constitutive law is straightforward to derive. When η = 0, the system is nonlinear
and cannot stand compression (f = 0 when all the fibers are compressed).
3 FEM implementation
The above defined potential energy can be reformulated in terms of the following strain invariants I1 = detF
and I2 = 12 TrC, where F = gradx is the transformation gradient tensor and C = F
T · F the right Cauchy-
Green strain tensor.
Starting from the strain energy w(I1, I2) obtained in this way (details are omitted for the sake of brevity),
we write the weak form for the total potential energy Eˆp = 0, which leads to the following problem :
find x, so that ∀xˆ,
∫
Ω0
N
(
F
)
: FˆdX +
1

∫
∂Ωd
(
x− xd) · xˆdX = 0 (6)
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Figure 2 – Left : Orientations of stretched (blue) and compresed (red) fibers with respect to the strain ani-
sotropy φ. Every fibers are stretched in the range φ ∈ [−pi/4, pi/4] and every fibers are compressed when
φ ∈ [3pi/4, 5pi/4]. The last two quarters correspond to the continuous transition from a full streteched state
into a ful comression state (and vice versa). Right : Plot of f(φ) for a Hookean continuum η = 1 and a bimodu-
lus continuum η = 0. f = 0 in φ ∈ [3pi/4, 5pi/4] since every fibers are compressed in this quarter.
where all quantities under the hat symbol (ˆ.) are virtual (the displacement xˆ is kinematically admissible), N
stands for the first Piola-Kirchhoff tensor Nij = w,1Hij + w,2Fij (H = F−T is the adjugate tensor of F ) and
xd stands for the prescribed position along the boundary (we used a penalty methods to enforce the kinematical
boundary conditions, so  should be as small as possible).
Whitout going any further into the implementation details, we should notice at this point thatN is non-linear
with respect to F when η 6= 1 (therefore the root-finding problem associated with the discretized version of Eq.
(6) will be non-linear). The equilibrium is solved numerically using a Newton-Raphson scheme, which involves
a linearization of the stress at every iteration. We used the finite element library (Libmesh C++) to solve the
discretized problem associated with (6). Also, since the expression of the energy function f is cumbersome, the
derivatives w,i which enter into the stress tensorN (first and second derivatives with respect to the invariants I1
and I2) are evaluated using an Automatic Differentiation method, see [6] for more details.
4 Case study
We consider a rectangular domain comprising a crack at its center (fig 3). The calculation is carried out
with H = V = 3 and a = 1 (see fig 3 for the parameters definition). The mesh contains 7906 elements TRI6
(second order Lagrange polynomials) and 15324 nodes (30648 degrees of freedom). The boundary conditions
are enforced through the penalty method with  = 10−6. The top (resp. bottom) vertical displacements are
uy = 10
−2 (resp. uy = −10−2) while the horizontal displacement is set to 0, ux = 0.
The figure 4 is a contour plot of the total strain intensity ε. For the classical linear springs (η = 1, left figure),
we found the classical strain localisation near the crack tips. When we decrease the fibers compression stiffness
to η = 0.1 (the compression spring stiffness value is one tenth the value in traction, figure on the right-hand
side) we can see that the strain concentrates more and more on a cross shaped pattern reaching the four corners
of the domain.
The figure 5 is a contour plot of the non dimensionnal strain ε∗ = εm/εd. This map reveals regions of pure
tension (ε∗ > 1), pure compression (ε∗ < −1) and mixed tension compression regions (−1 < ε∗ < 1). For
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Figure 3 – Centered crack geometry. The top (resp. bottom) vertical displacements are uy = 10−2 (resp. uy =
−10−2) while the horizontal displacement is set to 0, ux = 0.
Figure 4 – Total strain intensity ε contour plot for the classical linear spring η = 1 (left) and unilateral springs
η = 0.1 (right). Decreasing the fibers compression ratio to η = 0.1 concentrates the strain on a cross shaped
pattern reaching the four corners of the domain.
η = 1 (fig 5, left-hand side), the vicinity of the two crack tips (in the white regions) are in pure tension and the
rest of the domain is in a mixed tension-compression state. However, when the tension-compression contrast is
lowered to η = 0.1 (fig 5, right) a diamond-shaped (whose diagonal is the crack) region of pure compression
emerges. Yet, the stress (and strain) singularity at the crack tip remains in 1/
√
r for all η values.
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Figure 5 – Measure of strain anisotropy ε∗ = εm/εd : contour plot for the classical linear spring η = 1 (left)
and unilateral springs η = 0.1 (right). Decreasing the fibers compression ratio to η = 0.1 creates a low stress
diamond-shaped region (resting on the endpoints of the crack) where the strain is contractile in all directions
(ε∗ < −1).
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